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Understanding the momentum of light when propagating through optical media is not only fun-
damental for studies as varied as classical electrodynamics and polaritonics in condensed matter
physics, but also for important applications such as optical-force manipulations and photovoltaics.
From a microscopic perspective, an optical medium is in fact a complex system that can split the
light momentum into the electromagnetic field, as well as the material electrons and the ionic lat-
tice. Here, we disentangle the partition of momentum associated with light propagation in optical
media, and develop a quantum theory to explicitly calculate its distribution. The material momen-
tum here revealed, which is distributed among electrons and ionic lattice, leads to the prediction of
unexpected phenomena. In particular, the electron momentum manifests through an intrinsic DC
current, and strikingly, we find that under certain conditions this current can be along the photonic
wave vector, implying an optical pulling effect on the electrons. Likewise, an optical pulling effect on
the lattice can also be observed, such as in graphene during plasmon propagation. We also predict
the emergence of boundary electric dipoles associated with light transmission through finite media,
offering a microscopic explanation of optical pressure on material boundaries.
I. INTRODUCTION
Understanding the momentum of light when propagat-
ing through optical media is important for both funda-
mental and applied perspectives. In history, shortly after
the formulation of Maxwell’s equations, two possible so-
lutions were proposed by Minkowski and Abraham for
the momentum of light propagating in a medium of re-
fractive index n, which in modern language correspond
to respectively nh¯q0 and h¯q0/n per photon, where q0 is
the free-space wave vector. These solutions gave birth to
a controversy that has been the subject of heated debate
[1] from both theoretical [1–11] and experimental [12–18]
perspectives. Various theoretical studies have reached a
consensus [5–8, 8, 9, 11], suggesting that the Abraham
form stands for the electromagnetic (EM) field momen-
tum, while the Minkowski form includes the material mo-
mentum.
Nowadays, the importance of having in-depth knowl-
edge on light momentum in material media has extended
beyond classical electrodynamics and its related applica-
tion in optical manipulation [19] to various frontiers in
condensed matter and quantum physics, such as new pho-
tovoltaic phenomena [20–22], optically-induced magneti-
zation [23–25], photon-coupled polariton states [26–30],
or even quantum-driven systems [31–35]. From a micro-
scopic perspective, an optical medium is in fact a complex
system, where the material momentum discussed in the
AM controversy can be further decomposed into material
electrons and lattice ions contributions, thus requiring a
∗Corresponding author: Deng.Pan@icfo.eu
detailed account of the electronic band structure. As a
consequence of the momentum in the material electrons,
a photovoltaic effect should be generated even in a dis-
sipationless medium, as manifesting in the photon-drag
effect observed under oblique light incidence on a thin
metallic film [20, 21] or graphene [22], which differs from
the photogalvanic effect [36–39] originating in the highly
absorptive interband electron-hole pair excitations. Very
unexpectedly, a recent photon-drag experiment [21] re-
ports that even the direction of the electric current ex-
cited in a metallic film is at odds with respect to the
widely-accepted theoretical prediction, therefore reveal-
ing the complexity of the momentum transfer process
in such a seemingly simple optical medium. Benefiting
those broad topics pertinent to light momentum in me-
dia, it is thus fundamentally important to reconsider this
old problem from first principles using microscopic quan-
tum theory.
In this article, we formulate a general quantum the-
ory to disentangle the momentum distribution associated
with light propagation in various types of media. We ex-
plicitly calculate the momentum distribution in the EM
field, electrons, and ionic lattice, which leads to a series
of inspiring results. More precisely, (1) for transverse
EM waves, our explicit result of the ratio between the
field and material (electrons plus lattice) obtained based
on quantum theory is consistent with previous classical
solutions to the AM problem. (2) We conclude that a
nonzero electron momentum generally exists in media
with partially filled electron bands, which manifests as
a DC current. Interestingly, this DC current is also ob-
served due to interband transitions for a photon energy
lower than the band gap energy. (3) Surprisingly, in some
scenarios electrons are pulled back by an incident light
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2wave, thus shedding light into recent counter-intuitive ex-
perimental observations [21]. A similar pulling effect on
the lattice should be equally observed in graphene during
plasmon propagation. (4) We also predict the emergence
of boundary electric dipole moments during light trans-
mission through finite insulating media, which provide a
new microscopic interpretation of optical pressure.
II. RESULTS AND DISCUSSION
A. Momentum decomposition in optical media
We consider here an EM plane wave propagation in a
lossless and infinitely extended optical medium that is
composed of electrons and a crystal lattice, as illustrated
in Fig. 1(a). Two typical scenarios for light propagation
in optical media are also shown in Fig. 1(b) and (c): a
plasmon polariton wave sustained by a two-dimensional
electron gas (2DEG) [Fig. 1(b)], and a transverse EM
plane wave propagating in a 3D bulk transparent dielec-
tric medium [Fig. 1(c)]. Unless otherwise stated, we chose
a reference frame in which the medium is in thermal equi-
librium and the momentum of both electrons and lattice
are zero before applying any light field. After introduc-
ing a monochromatic light field propagating in such a
medium and eventually reaching a steady state, as illus-
trated in Fig. 1(a), the total momentum in the system
gtot should include components distributed in the field
(gEM), the electrons (gele) and the lattice (glat), where
the sum gtot = gele + glat is the material momentum on
which we focus in this study. We note that both gele and
glat are indeed physical observables, which manifest in a
DC current and the classical velocity of the lattice, re-
spectively [see Fig. 1(a)]. To describe the emergence of
these types of momenta associated with matter, a micro-
scopic quantum theory becomes necessary, which should
go beyond classical theory and lead to explicit results of
gele and glat. Disentangling these types of momenta al-
lows us to reveals new optomechanical and photoelectric
phenomena. In the following sections, we first revisit a
microscopic explanation of the optical response of optical
media, and then show our theoretical results for both gele
and gtot within the same framework.
B. Quantum description of optical media
Assuming only linear optical response, the time-
harmonic electric field E(r, t) = Re{E(ω)ei(q·r−ωt)} of
a monochromatic EM wave of frequency ω and wave
vector q induces a distribution of polarization vector
P(r, t) = Re{χ(q, ω)E(ω)ei(q·r−ωt)}, dictated by the ma-
terial’s electric susceptibility χ(q, ω), which consequently
generates an alternating-current (AC) polarization den-
sity wave JAC(r, t) = ∂tP(r, t). This wave is longitudinal
in 2D plasmons and transverse in EM waves in a dielec-
tric [black arrows and curves in Fig. 1(a) and (c)]. Ad-
ditionally, the longitudinal current JAC(r, t) in 2D plas-
mons gives rise to a charge-density wave via charge con-
tinuity [color scale, Fig. 1(b)]. The current-density wave
JAC(r, t) and the material’s electric susceptibility χ(q, ω)
comprise the whole description of optical media in the
framework of Maxwell’s equations.
In the realm of quantum theory, the formation of AC
current-density waves JAC(r, t) is the result of photoex-
cited transitions among electron states in momentum
space, as illustrated in Fig. 1(d) [examples of states in
real space are shown by dashed curves in Fig. 1(b)].
A photon propagating inside a medium that contains
Bloch electron states can be regarded as a coupled (pho-
ton+electrons) state described by a Hamiltonian Hˆp +
pˆ2/2me − eV (r) + HˆI (see supplementary information),
where terms from left to right stand for the energy of
the free EM field, the electrons in a model periodic ionic
potential V (r), and the light-matter interaction. The
electron states are Bloch waves defined as eigenfunctions
of pˆ2/2me− eV (r), namely ψjk = eik·rujk(r)/
√
ν, where
ν is a normalization volume in 3D or area in 2D, k is the
Bloch wave vector, and ujk(r) is a normalized function
with the same periodicity as the atomic lattice. Under
the perturbation induced by HˆI with a time dependence
imposed by the light frequency ω, quantum transitions
among electron states [color-filled circles in Fig. 1(b) and
(d)] give rise to superposition wave functions Ψ(r, t) =
c1ψjk1 + c2ψj′k2e
−iωt, where the time-dependent phase
difference e−iωt is retained (see supplementary informa-
tion). The electric current density described by Ψ(r, t)
is easily evaluated as j = −eRe{Ψ∗pˆΨ}/me, which gives
rise to AC and DC components (see supplementary in-
formation)
jAC ≈ −e
νme
Re{c∗1c2ei(q·r−ωt)}h¯(k1 + k2), (1)
jDC =
−e
νme
(
|c1|2 〈pˆ〉jk1 + |c2|
2 〈pˆ〉j′k2
)
, (2)
respectively. The approximation in Eq. (1) is made for
nearly free electrons, but our discussion is generally valid
for more rigorous results shown below. The AC cur-
rent in Eq. (1) is a propagating wave characterized by
a wave vector q = k2 − k1, while the current direction
is aligned with the sum of momenta of initial and final
electron states k1 +k2 (see supplementary information).
The DC current in Eq. (2), which is proportional to the
total momentum of the electron, receives contributions
〈pˆ〉jki = 〈ψjki | pˆ |ψjki〉 from both Bloch states i = 1, 2.
The polarization current-density waves JAC(r, t) enter-
ing the Maxwell equations must result from the sum of
the AC current waves in Eq. (1) for all possible transi-
tions in k-space [Fig. 1(d)]. For the plasmons and trans-
verse EM waves considered in Fig. 1(b) and (c), where
the electric field (in-plane component for plasmons) is
parallel (E‖(r, t)) and perpendicular (E⊥(r, t)) to q, re-
spectively, the AC currents in Eq. (1) produced by two
transitions symmetrically distributed in k-space [jAC,I
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FIG. 1: Illustration of light propagation in infinite optical media. (a) The total momentum gtot associated with light
propagation in a medium is distributed in the field (gEM), the lattice (glat) and the electrons (gele). The electron and lattice
momenta, manifesting in a DC current (blue arrow) and a lattice velocity (black arrow), respectively, form the material
momentum gmat. (b) Plasmons on a 2DEG and (c) photons in a bulk dielectric medium support longitudinal and transverse
AC current-density waves (black curves and arrows), respectively. In both scenarios, gele can result in DC currents (blue arrows).
(d) Inside a medium, the EM field is combined with electronic quantum transitions between states denoted by color-filled circles
in the momentum space representation of the upper panel. The transitions I and II produce AC current waves jAC,I and jAC,II
(see Eq. (1)) whose directions are shown by black arrows in the lower panel. The in-phase and out-of-phase superpositions of
jAC,I and jAC,II transition currents result in the total longitudinal and transverse AC current-density perturbances observed in
plasmons and transverse EM waves shown in (a) and (b), respectively. In plasmons, the charge-density waves (color scale in
(b)) are formed by the quantum superposition of pairs of electronic quantum states ψk and ψk+q of different momenta (dashed
curves; for illustration purposes both momenta are assumed to be along xˆ). The resulting real-space charge-density −e |Ψ(x, t)|2
is presented in the color scale. During the transitions shown in (d), both the electrons and lattice gain net momenta of gele and
glat [see Eqs. (4) and (5)], as illustrated in (a).
and jAC,II in Fig. 1(c)] are in-phase or out-of-phase, so
that the total current- density waves JAC(r, t) are lon-
gitudinal or transverse, respectively. In addition, the
charge-density wave in the plasmons can also be un-
derstood as a quantum superposition, as illustrated in
Fig. 1(a) by considering two quantum states with k1,2
both along xˆ (dashed curves, Fig. 1A), where the charge
density appears as a propagating wave of charge density
ρ(x, t) = −e |Ψ(x, t)|2 = −2eRe{c∗1c2ei(qx−ωt)}/ν [Fig.
1(a), color scale].
The polarization current-density turns out to be pro-
portional to the optical electric field, and we can write
JAC(r, t) = −Re{iωχ(q, ω)E(ω)ei(q·r−ωt)}, which defines
the electric susceptibility χ(q, ω) of the optical medium.
Based on a more rigorous form of jAC beyond that of Eq.
(1), and with a minimal coupling interaction Hamiltonian
HˆI = e(pˆ · A + A · pˆ)/2me − eφ, this procedure repro-
duces the well-established result [40] (see supplementary
information)
χ⊥,‖(q, ω) = −
ω2p
ω2
− ω
2
p
ω2
2h¯
M
×∑
jj′,k
|K⊥,‖|2 fj
′k+q − fjk
ωj′k+q − ωjk − ω , (3)
where χ⊥ and χ‖ stand for the response to transverse
(E⊥) and longitudinal (E‖) electric field components,
we include the contribution of the paramagnetic cur-
rent in the first term, ωp =
√
Ne2/νε0me is the plas-
mon frequency, N is the total number of charge carriers,
M = Nme is the total mass of the electrons in the sys-
tem, K⊥ and K‖ are components of the transition matrix
element K = 〈ujk|k+q/2− i∇ |uj′k+q〉 /ν perpendicular
and parallel to q, and fjk and h¯ωjk are the population
and energy of state ψjk. In the local limit (q → 0), the
contributions of intra- and interband transitions reduce
to the Drude model and Lorentz model [41], respectively.
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FIG. 2: Momentum distribution in 2D plasmons. (a) Effective refractive index and (b) momentum distribution of plasmons
in a freestanding 2DEG [see carrier density in (a)]. In (b), the momenta distributed in electrons and ionic lattice, normalized
to the field momentum gEM, are calculated based on our quantum model (solid curves, Eq. (5)). For a 2DEG, the material
momentum is entirely distributed in the electrons (i.e., gele = gmat and glat = 0). We can also estimate gmat/gEM from the AM
formalism (dashed curves). (c),(d) Same as (a) and (b) for monolayer graphene with Fermi energy EF = 0.2 eV. For graphene
plasmons, the electron momentum gele is much larger than the material momentum gmat, so the lattice momentum glat should
be antiparallel with the photonic wave vector.
C. Theory of material momentum in optical media
The standard description of the electric susceptibility
provided by Eq. (3), derived in a quantum approach and
meant to capture the AC response of the medium illus-
trated by Eq. (1), is commonly used in combination with
Maxwell’s equations for a self-consistent treatment of the
fields. However, the DC current in Eq. (2), which is
proportion to the increase in electron momentum, is not
present in Maxwell’s equations. In analogy to the deriva-
tion of Eq. (3), by summing over all possible transitions,
we can find the total momentum gained by the electrons
gele due to polarization in the medium. For a transverse
EM wave as shown in Fig. 1(c), the resulting final elec-
tron momentum is explicitly given by (see supplementary
information)
g⊥ele,mat = −
ε0 |E⊥(ω)|2
2
ω2p
ω2
1
M
∑
jj′,k
|K⊥|2 ∆g
× fj′k+q − fjk
(ωj′k+q − ωjk − ω)2 , (4)
and for the longitudinal electric field component [Fig.
1(b)], the electron momentum reduces to
g
‖
ele,mat =−
e2|E‖(ω)|2
2h¯2q2ν
∑
jj′,k
|〈ψjk|e−iq·r|ψj′k+q〉|2∆g
× fj′k+q − fjk
(ωj′k+q − ωjk − ω)2 , (5)
where ∆g = 〈pˆ〉j′k+q − 〈pˆ〉jk is evaluated for Bloch
states. Likewise, the total momentum gmat transferred
to the electrons and the lattice during the emergence of
polarization is also expressed by Eqs. (4) and (5) by sim-
ply redefining ∆g = h¯q.
To derive gele in Eqs. (4) and (5), we have to sum the
gauge-independent kinetic momentum of all electrons,
〈Ψ| pˆ+ eA(r, t) |Ψ〉, evaluated in the final superposition
state Ψ (see previous section). Without loss of general-
ity, we can chose the Coulomb gauge, in which the term
eA(r, t) has no contribution, so that the change in elec-
tron momentum associated with each electron transition
in Eqs. (4) and (5) is ∆g = 〈pˆ〉j′k+q−〈pˆ〉jk. In contrast,
during each electron transition, the momentum trans-
ferred from the perturbative field to the whole material
is ∆g = h¯q, which leads to the expression for gmat in
Eqs. (4) and (5).
In general, during the emergence of polarization, the
material momentum is imparted to both electrons and
lattice, gmat = gele + glat. For free electron systems with-
out a lattice potential, we have 〈pˆ〉jk = h¯k and thus
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FIG. 3: Atomic chain under light excitation. (a) We consider an infinite atomic chain illuminated by an EM plane wave,
where the optical responses to electric field components E⊥ and E‖ can be regarded as simplifications of Fig. 1 (b) and (c),
respectively. The chain is modeled by L = 101 atoms with periodic boundary conditions and neirest-neighbors binding couplings
between the two lowest atomic orbitals, which are considered to be s- (blue) and p-type (red). The photonic wave vector along
the chain is assumed to be q = 2pi/La. (b) Electronic band structure of the chain. The uncoupled s- and p-orbital energies
are assumed to be E0 and 5E0, expressed in terms of a characteristic energy E0 of the system, with hopping energies of 0.5E0,
0.8E0 and −0.4E0 for s-s, p⊥-p⊥ and p‖-p‖ couplings, respectively (written in units of E0), which correspondingly result in s-,
p⊥- and p‖-bands (see symbols on the right). (c) Steady populations in the s- and p⊥-bands of an insulating chain (EF = 2E0)
excited by E⊥. (d) Time evolution of the space-averaged current 〈J〉 in a chain with EF = 1.6E0 excited by E⊥ for different
damping frequencies γ. In (c) and (d), despite the assumption that the photon energy h¯ω = E0 is smaller than the band gap
energy, we still observe a population in the conduction band even in (c) an ideal insulator, and (d) a steady DC current JDC in
a chain with unfilled band. (e),(f) Dependence of JDC on the Fermi energy EF for electric field components E⊥ (e) and E‖ (f),
calculated from Eqs. (4) and (5). In (c) to (f), a weak EM field is assumed (see Appendix). The polarization E⊥ in (c) to (e)
can only induce interband transitions between s- and p⊥-bands, while for E‖ intraband transitions are dominant, giving rise to
plasmon waves. In either scenario, JDC is oriented along q‖ for certain range of EF [red-filled areas in (e) and (f)], indicating
an electron pulling effect.
∆g = h¯q, so according to Eqs. (4) and (5), we can con-
clude gmat = gele, which is an intuitive result because
here the material momentum is entirely supported by the
electrons (glat = 0). Insulating media constitute another
extreme scenario in which both the DC current and gele
are absent (see below), so the material momentum only
manifests in lattice motion (i.e., gmat = glat).
D. Revisiting the AM controversy
The material momentum gmat derived above in fact re-
veals the hidden momentum focused in the context of the
AM controversy. With the result obtained for g⊥mat, we
can explicitly calculate the ratio of momenta distributed
in the EM field and matter for a transverse EM plane
wave as shown in Fig. 1(c). Considering the field mo-
mentum of a transverse EM plane wave as obtained from
the Maxwell equations, gEM = ε0|E⊥(ω)|2q/2ω [42], we
readily find an equation that is in agreement with previ-
ous classical resolutions to the AM controversy [6–8]
g⊥mat
gEM
= χ⊥(ω) +
ω
2
dχ⊥(ω)
dω
. (6)
According to Minkowski’s expression, the momentum of
an individual photon in an EM plane wave is gM =
nph¯q0, where np(ω) =
√
1 + χ⊥(ω) is the phase index,
and χ⊥(ω) is determined by Eq. (3). For a dispersive
material, Abraham’s form of the photon momentum is
gA = h¯q0/ng, where ng(ω) = d(ωnp)/dω is the group in-
dex. Taking these relations into consideration, the ratio
6in Eq. (6) reduces to g⊥ele/gEM = (gM − gA)/gA, which
is consistent with previous solutions to the AM contro-
versy that the Abraham form of the photon momentum
only accounts for the EM field, while Minkowski’s expres-
sion includes the momentum imparted to the material,
in agreement with the conclusion extracted in previous
works.
Our theory explains clearly the process of momentum
transfer in a lossless material. Since our study focuses
on lossless media, the phenomenological damping rate
γ that usually appears in the denominator of Eq. (3)
as ωj′k+q − ωjk − ω + iγ (see SI Appendix, section S3)
and similarly in Eqs. (4) and (5), is ignored (γ → 0).
However, we must retain a nonzero (although infinitesi-
mal) value of γ, needed to prevent a divergent heating of
the electron system, as explained in previous studies on
quantum Floquet systems [43, 44]. Regarding the tem-
poral response of the optical medium, 1/γ characterizes
a timescale in which momentum is transferred to the ma-
terial. In the dissipationless limit γ → 0, the momentum
transfer process thus takes an infinitely long time (∼ 1/γ)
before the system reaches a steady state, and the total
momentum transferred to the material is convergent and
determined by Eqs. (4) and (6). The momentum trans-
fer process here discussed is further corroborated through
simulations in a subsequent section.
We also highlight the importance of the frame of refer-
ence for this discussion, as also revealed in previous stud-
ies [45]: if the frame is chosen as we adopt in this study,
in which the material (electron and lattice in thermal
equilibrium) is initially motionless before the EM field
is applied then after the steady distribution of polariza-
tion in the media is established, the total momentum
should be consistent with the Minkowski formalism, and
the momentum gained by the material is just the dif-
ference between Abraham and Minkowski formalisms, as
revealed by gele/gEM = (gM − gA)/gA. However, if one
assumes a steady EM wave propagation in an insulating
medium with the frame of reference fixed on the lattice,
the material momentum gmat is absent in this scenario,
since glat = 0 and gele = 0 (absence of JDC in an in-
sulator, see below), so that the total momentum should
be gtot = gEM, as obtained from the Abraham formal-
ism. In a general situation of a conducting medium (not
totally free electrons) with the frame of reference fixed
on the lattice, the lattice momentum is still absent (i.e.,
glat = 0), while neither the Minkowski nor the Abraham
momentum accounts for the total momentum. We note
that we neglect relativistic corrections for the transfor-
mation between the two frames due to the small lattice
velocities under consideration.
E. Electron momentum in 2D electron systems
In free electron systems, the material momentum is
equal to the electron momentum gmat = gele. Here, we
focus on the role of 2D plasmons in a 2DEG [Fig. 1(b)]
as an example to illustrate g
‖
elel (hereafter, scripts ⊥ and‖ are omitted for simplicity without ambiguity) in a free
electron system. The results are shown in Fig. 2. Di-
rectly applying Eqs. (3) and (5) to the 2DEG, we can
immediately find the effective refractive index neff of the
plasmon mode [Fig. 2(a)] and the momentum of the con-
stituent electrons, plotted in Fig. 2(b), where it is nor-
malized to gEM. The latter is calculated for 2DEG by
integrating EyHz/2c
2 along zˆ (see Appendix). Interest-
ingly, using the knowledge acquired on the AM contro-
versy in the previous section, we can also try to estimate
the material momentum as gmat/gEM = (gM − gA)/gA.
For plasmons in the 2DEG (and in general for similar
waveguiding modes), both the Minkowski and Abraham
momenta, gM = neff h¯ω and gA = h¯ω/ng, respectively,
should be defined in terms of neff and the group index
ng = d(ωneff)/dω.
In Fig. 2(b), we compare rigorous numerical results
of gmat/gEM = gele/gEM (solid curve) with the estimate
obtained from the AM formalism (dashed curve). The
latter is in good agreement with our quantum theory over
a wide frequency range. In fact, we can analytically prove
that in the local limit the electric susceptibility in Eq. (3)
reduces to the Drude model and the electron momentum
in Eq. (5) is exactly equivalent to the AM estimate (see SI
Appendix, section S5). For higher frequencies, plasmons
in the 2DEG show a large neff(ω) and strong confinement,
where nonlocal corrections are not negligible (e.g., the
plasmon wave vector q is no longer negligible compared
with the Fermi wave vector kF), and as a result of the
quantum theory here presented deviates from the AM
estimate [see Fig. 2(b)].
Our quantum model can also be generalized to inves-
tigate the momentum of graphene plasmons [26, 46, 47].
The plasmon dispersion curves [Fig. 2(c)] and EM mo-
mentum gEM in freestanding graphene can be obtained
from the above equations for the 2DEG simply by using
the electric susceptibility of graphene, which is obtained
in a similar way as Eq. (3). We note that Dirac electrons
in graphene are not truly free, as they display conical
rather than parabolic dispersion. Using Dirac spinors
to represente the electron wave functions [48], and tak-
ing into account both intra- and interband transitions,
we find the electron and material momenta from Eq. (5)
(see SI Appendix, section S6). The results are shown in
Fig. 2(d) under the same conditions as in Fig. 2(c). In
graphene plasmon, the electron momentum gele is also as-
sociated with a DC electric current as already observed
in experiment [22], and the material momentum gmat can
be estimated according to the above discussion of the
AM controversy [dashed curve, Fig. 2]. Interestingly, the
electron momentum gele in graphene is much larger then
the material momentum gmat, which implies that the lat-
tice momentum should be antiparallel with respect to the
photonic wave vector according to gmat = gele + glat, so
we conclude that the excitation of graphene plasmons
results in a pulling force on the graphene lattice.
7F. Electron momentum and band structure
In a more realistic description, we consider media with
multiple electron bands, so the electron momentum gele
expressed in Eqs. (4) and (5) includes detailed informa-
tion of the electron group velocity of electrons, as shown
in the definition of ∆g. To understand these effects, we
study a model consisting of an infinite one-dimensional
atomic chain under illumination by an EM plane wave,
as illustrated in Fig. 3(a). The wave vector component
of the plane wave parallel to the chain is the photonic
wave vector of interest, which is also denoted as q [see
dashed black arrow in Fig. 3(a)]. The optical response of
the chain to the electric field components parallel (E‖)
and perpendicular (E⊥) to q, which are uncoupled for
a pertubative field, can be regarded as simplified one-
dimensional analogs of the longitudinal and transverse
wave propagation illustrated in Fig. 1(b) and (c), respec-
tively. Since the change in lattice velocity due to the
momentum glat transferred to the lattice is much smaller
than the electron drift velocity, gele can be considered to
be invariant in the two aforementioned frames of refer-
ence, so we can adopt the one fixed on the lattice for the
following discussion.
We consider a tight-binding nearest-neighbors model
of the atomic chain, with each atom containing an s-
type orbital [blue circle, Fig. 3(a)] and two degenerate
p-type orbitals [red ellipse, Fig. 3(a)]. The latter are ori-
ented either parallel (p‖) or perpendicular (p⊥) to the
chain. We only consider electron orbital couplings be-
tween adjacent s-orbitals (s-s coupling) and adjacent p-
orbitals aligned in the same direction (i.e., p‖-p‖ and
p⊥-p⊥ couplings; s-p‖ coupling is thus ignored). Diag-
onalization of the tight-binding Hamiltonian results in
Bloch states ψjk (j = s,p‖,p⊥) expanding to an energy
band h¯ωjk = h¯ω
0
j − 2tj cos(ka), where k is the Bloch
wave vector, h¯ω0j are the uncoupled electron energy lev-
els, and tj are the hopping energing for corresponding
each type of coupling j (i.e., s-s, etc.). The band struc-
ture of the atomic chain is shown in Fig. 3(b), where we
assume h¯ω0s = E0, h¯ω
0
p = 5E0, ts = 0.5E0, tp‖ = −0.8E0
and tp⊥ = 0.4E0, all normalized to a characteristic en-
ergy E0. The sign of tj and thus also the curvature of
the band dispersion [see Fig. 3(b)] are determined by the
parity of the involved atomic orbitals. In the simulations
and calculations that follow (see Appendix), we assume
a chain of L = 101 atoms with periodic boundary con-
ditions and a lattice constant a. The projection of the
photonic wavelength along the chain gives 2pi/q = `a.
Because 2pi/q  a, we can take L = `; this choice does
not affect the results and conclusions extracted below. In
fact, with L = `, the topology of the system is equiva-
lent to an atomic ring under illumination by circularly
polarized light.
For the excitation with the electric field component
perpendicular to the chain E⊥, only interband transi-
tions between the s-band and p⊥-band are allowed due
to the symmetry of the system. For a photon energy
smaller than the band gap energy ∆E = 1.4E0 [see black
arrow and light grey area in Fig. 3(b)], one might naively
conclude that the photon cannot induce interband transi-
tions, as those quoted to explain the photocarrier gener-
ations in photogalvanic effect in a semiconductor. How-
ever, we argue that this below-band gap light frequency
can also cause weakly absorptive interband electron tran-
sitions, which eventually populate the upper electron
bands in the dissipationless limit. To demonstrate this,
we perform a time-dependent simulation with an insu-
lating chain modeled in Fig. 3(a) and (b) (EF = 2E0),
excited by the electric field component E⊥ with a photon
energy h¯ω = E0 smaller than the band gap energy. In the
simulation, a vanishingly weak damping mechanism (see
Appendix), which is necessary as explained above, is cap-
tured by a phenomenological small damping rate γ. Af-
ter a long enough simulation time ( 1/γ), we observe a
nonzero steady population in the upper conduction band,
as shown in Fig. 3(c), which is independent on the value
of γ we chose. These interband transitions seem to be at
odds with the assumption h¯ω < ∆E. However, one must
keep in mind that the conduction band in an insulator
also contributes to the optical response when h¯ω < ∆E,
as can be seen in Eqs. (3), (4) and (5). Without inclu-
sion of these interband transitions, the medium are not
polarizable, implying the unphysical result χ(ω) = 0 and
n(ω) = 1 inside any transparent material.
For an ideal insulator with Fermi level EF located in
the band gap as in Fig. 3(c), the steady populations es-
tablished under light excitation in both the conduction
and valence bands are symmetric in momentum space,
leading to a zero DC current JDC, which is consistent
with the insulating character of the medium. In fact,
the vanishing of gele for filled bands can be rigorously
proved from Eqs. (4) and (5), considering the relation
〈pˆ〉jk = me∇kωjk (see SI Appendix, section S2) and the
periodicity of ωjk. However, for a medium with partially
filled bands, a DC current can arise due to weakly ab-
sorptive interband transitions, as confirmed in Fig. 3(d).
Figure 3(d) shows the time evolution of the instantaneous
space-averaged electric current 〈J〉 in an atomic chain,
where the Fermi energy EF = 1.6E0 leaves the s-band
partially filled [see Fig. 3(b)] and illumination with a field
component E⊥ is assumed. In all of the simulations with
different damping rates γ plotted in Fig. 3(d), the system
is eventually relaxed to the same steady state, as shown
from the same final steady DC currents JDC. This in-
dependence of JDC on γ demonstrates that the electron
momentum gele (and similarly other material-associated
momenta including gmat and glat) as determined by Eqs.
(4) and (5) for h¯ω < ∆E are intrinsic. The electron
momentum gele is transferred from the perturbative EM
field to the medium over a time scale 1/γ, and a reduc-
tion in γ simply leads to longer relaxation time needed
by the simulations to reach the same final steady state.
The intrinsic nature of gele for a photon energy h¯ω < ∆E
is also implied by the convergence of Eqs. (4) and (5) for
h¯ω < ∆E. In contrast, Eqs. (4) and 5 are divergent for
8a photon energy h¯ω > ∆E, similar to what happens in
the photogalvanic effect. The latter is thus highly ab-
sorptive, so a finite γ in Eqs. (4) and (5) is necessary
to avoid singularities, resulting in a photocurrent that
depends on the actual value of γ.
More strikingly, we also observe that the DC current
JDC can be directed along the wave vector q for certain
ranges of the Fermi level EF, indicating an optical pulling
effect acting on the electrons. We simulate the steady DC
current JDC in the atomic chain for different values of EF
under illumination with E⊥ [dots in Fig. 3(e)]. In fact,
JDC can also be directly calculated from Eq. (4) [curves,
Fig. 3(e)], resulting in remarkably good agreement with
the simulation results. In Fig. 3(e), the direction of JDC is
oriented along q when EF is placed within the s-band (see
red-filled area). In this scenario, the electron momentum
gele is antiparallel with q, implying that the electrons in
the chain are pulled backward by the incident light wave.
For a field polarizationE‖ parallel to the chain, in addi-
tion to intraband transitions between the s- and p‖-bands
(here, we also have h¯ω = E0 < ∆E), the symmetry of
the system further enbables intraband transitions, which
in fact dominate the material response and eventually re-
sult in a one-dimensional plasmon wave (see Appendix).
Similar to Fig. 3(e), we plot in Fig. 3(f) the current JDC
in the atomic chain with different values of EF for excita-
tion by E‖. Our simulations are again in good agreement
with Eq. (5). For certain ranges of EF within both s- and
p‖-bands, we again observe JDC along the wave vector q
(see red-filled areas), demonstrating the existence of an
electron pulling effect associated with plasmon waves. In
fact, a similar phenomenon has been observed in a recent
experiment on a thin metal film [21], which is still re-
garded as a perplexing result. A theoretical explanation
for this experimental observation is yet absent, since it is
widely accepted that plasmons in a conductor can be ad-
equately described through a free electron gas model, in
which the momentum transferred to the electrons should
always push them forward, as shown in Fig. 2. How-
ever, the theory and results here presented reveal that a
proper description of gele requires richer information on
the electron band structure. For instance, in the local
limit q → 0, Eq. (5) for the one-dimensional system in-
cludes ∆g ∝ ∇2kωjk, while the AC optical response in
Eq. (3) only involves ωjk+q − ωjk ∝ ∇kωjk. Nonethe-
less, the overall momentum conservation among EM field,
electrons and lattice should be satisfied, with the mate-
rial momentum gele determined according to our previous
discussion on the AM controversy.
G. Optical pressure and boundary charges
Previous classical results conclude two possible mech-
anisms for the emergence of optical pressure in material
media. In the first mechanism, light absorption directly
transfers momentum to the material. In our theory, for
the lossless media under consideration, this momentum
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FIG. 4: Charge distribution in an insulating 1D atomic chain
under light excitation. The atomic chain contains 200 atoms,
and all other parameters are same as in Fig. 3. The lower
s-band is filled and the Fermi level is EF = 2E0, so the un-
perturbed electron charge density is ρ0 = −e. The projection
of the photonic wavelength along the chain is 2pi/q = 80a.
A longitudinal field E‖ is considered for illustration, and the
photon energy is h¯ω = E0, which is below the band gap en-
ergy. In the insulating chain, a permanent electric dipole is
observed at the two edges, thus explaining the emergence of
an optical pressure on material boundaries.
transfer process takes place over an infinitely long time
scale ∼ 1/γ in the dissipationless limit (γ → 0), so the
resulting optical pressure is infinitesimal, provided that
the amount of momentum imparted to the material is
finite, as determined by Eqs. (5) and (4).
A second mechanism refers to optical pressure on ma-
terial boundaries, such as the optical force predicted by
Maxwell’s equations for optical transmission through a
lossless finite dielectric slab. Our study so far is focused
on infinite media, so in order to investigate this mecha-
nism specific of finite media, we consider a tight-binding
model of an insulating atomic chain, in which the chain
is truncated to contain a finite number of atoms L = 200
(see inset in Fig. 4). We perform time-dependent sim-
ulations with the model atomic chain excited by a E‖
light wave (note that intraband transitions are absent),
assuming a photonic wave vector q = 2pi/80a along the
chain. After the system reaches a steady state, we con-
tinue the simulation for a sufficiently long time to find the
time-averaged charge distribution shown in Fig. 4, where
time-harmonic charge oscillations are averaged out. In-
terestingly, despite the insulating character of the atomic
chain, we observe in Fig. 4 a depletion and accumulation
of electron density at the front (i = 1) and rear (i = 200)
boundaries, respectively. Permanent electric dipole mo-
ments parallel to the wave vector are thus established
near the two boundaries. The emergence of these bound-
ary charges is due to translational symmetry breaking.
The boundary electric charges and dipole moments re-
vealed in Fig. 4 provide a microscopic explanation for the
emergence of optical pressure on material boundaries. As
9shown in Fig. 4, the electron distribution near the bound-
aries is directly distorted in response to the propagating
EM wave. Due to the net accumulation of charge re-
sulting from this electron density distortion, the ionic
lattice, which should be relatively inert to the oscillating
EM field, eventually receives an optical pressure from the
disturbed electrons via Coulomb interaction.
III. CONCLUSION
In summary, with this work we clearly disentangle the
different types of momenta associated with photon prop-
agation in infinite extended and lossless media, where we
decompose the total momentum gtot into components as-
sociated with the EM field gEM, the electrons gele and the
lattice gele. In addition, gele and glat compose the mo-
mentum accommodated in the material gmat = gele+glat.
We then develop a theory that leads to explicit results for
these types of momenta. In particular, the result for gmat
obtained here from first principles is consistent with pre-
vious solutions to the AM controversy based on classical
theory. Beyond the classical AM controversy, our the-
ory can adequately address the electron momentum gele
associated with light propagation in a medium, which
manifests in an DC current. We find that gele depends
on the electron band dispersion of the material, and our
calculations reveal that under certain circumstances the
electrons are pulled backward by the propagating EM
wave. Our study also offers a new microscopic interpreta-
tion for the optical force acting on finite systems, predict-
ing that spatially nonuniform charges are accumulated at
the boundaries of the materials and subsequently exert a
force on the atomic lattice via Coulomb interaction.
With new developments in various subdisciplines of
physics, the concept of optical media has extended to
a much broader range than what previous studies on
the AM controversy are capable of addressing. It is im-
portant to understand the momentum associated with
photon-coupled states in relevant types of materials sup-
porting unconventional excitations, such as material in-
volving quantum nonlocal effects, as well as microscopic
materials without a well-defined refractive index, or ma-
terials with novel topological properties. Since our the-
ory is based on first principle, it can be employed for
that purpose, as inferred from the discussions presented
above for strongly confined 2D plasmons and microscopic
atomic chains.
The DC current resulting from the electron momentum
gele here investigated is intrinsic and physically observ-
able, so it could be measured through the resulting static
magnetic field or electric voltage that it generates. The
atomic chain in Fig. 3 with a periodic boundary condition
in our study is equivalent to an atomic ring illuminated
by circularly polarized light, so we conclude the existence
of DC current loops, when circularly polarized light car-
rying angular momentum are propagating in a medium
or illuminating a small particle. Such DC current loops
can give rise to a measurable static magnetic field, which
is in fact the inverse Faraday effect. More interestingly,
we predict that the electrons in these current loops could
acquire angular momentum that is antiparallel the the
photon angular momentum under certain conditions, a
phenomenon that can be regarded as a negative inverse
Faraday effect [49].
We also note that the intrinsic DC current and the
optical force acting on the boundaries of a medium are
possibly related to the topological physics of dynami-
cally pumped systems. The light propagation in a crystal
medium here investigated in the adiabatic limit ω → 0 is
in fact an instance of the type of systems studied in the
context of the Thouless quantum pump [31] in topological
physics. The latter predicts a quantized charge transport
in a crystal driven by a moving wave-shaped potential
in the adiabatic limit, giving rise to a topological quan-
tum Hall effect in some synthetic dimension. The nona-
diabatic generalization of the Thouless quantum pump,
dealing with a crystal pumped by a fast moving wave-
shaped potential similar to that considered in Fig. 3, is
still a frontier in the field of quantum pumped systems
[32, 33], where the nonadiabatic Chern number should be
defined by the matrix in Eq. (3). In our study, the bound-
ary charges and electric dipoles shown in Fig. 4 appear to
have a resemblance with topological edge modes. In fact,
accumulation of charges and electric dipole moments on
the boundary of a finite system, with the internal bulk re-
gion remaining neutral, is indeed a consequence of topol-
ogy according to the modern theory of polarization [50].
Consequently, the present results are potentially instruc-
tive for future studies on the momentum and topology in
nonadiabatical quantum pumped systems.
Appendix A: Derivation of Eq. (6)
For transverse EM waves, the derivative of the electric
susceptibility for monochromatic light of frequency ω in
Eq. (3) yields
ω
2
dχ⊥
dω
=
ω2p
ω2
+
ω2p
ω2
2h¯
M
×∑
jj′,k
|K⊥|2 fj
′k+q − fjk
ωj′k+q − ωjk − ω
−ω
2
p
ω
h¯
M
∑
jj′,k
|K⊥|2 fj
′k+q − fjk
(ωj′k+q − ωjk − ω)2 ,
where the first two terms on the right-hand side are sim-
ply −χ⊥(q, ω). Using Eq. (4) and taking into account
gEM = ε0E
2
y/2c, the remaining third term in the above
expression is equal to g⊥ele/gEM, therefore proving Eq. (6).
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Appendix B: Dispersion and field momentum of 2D
plasmons
The plasmon modes considered in the 2D electron sys-
tems are transverse magnetic (TM) waves. For the 2D
plasmons on a free-standing single-layer of 2DEG (Fig.
2), all field components decay exponentially along the
out-of-plane direction zˆ away from the film. The ampli-
tudes of waves are determined from the boundary con-
ditions imposed from Maxwell’s equations, which further
leads to the well-known dispersion relation of 2D plas-
mons qz = −2/χ‖(q, ω), where qz =
√
q2 − q20 , and q0 is
the vacuum wave vector. In our calculations, the electric
susceptibility χ‖(q, ω) in Eq. (3) is used for 2DEGs [Fig.
3(a) and (b)]. Finally, we define the effective refractive
index as neff(ω) = qc/ω [Fig. 3(a)].
In the free standing 2D systems considered in Fig.
3, the field is entirely distributed in the vacuum,
where the momentum density is unambiguously given by
Ey(z)Hz(z)/2c
2. The field distribution is simultaneously
obtained when solving the dispersion as indicated above.
For single-layer systems, the field decays exponentially
in the vacuum on either side, so direct integrating along
zˆ leads to gEM = ωε0q|E‖|2/2q3zc2, where E‖ is the field
amplitude on the plane of the 2D system.
Appendix C: Modeling of atomic chain
In Figs. 3 and 4, the atomic chain is described by
a tight-binding model. We assume each atom to con-
tain a s-type orbital and two p-type orbitals [p‖ and p⊥,
see Fig. 3(a)] with nearest-neighbor electron hopping be-
tween adjacent orbitals of the same type (i.e., s-s, p‖-p‖
and p⊥-p⊥). For simplicity, we neglect the coupling be-
tween s- and p‖-type orbitals, which is in priciple allowed
by orbital symmetry. This approximation does not affect
the conclusions of this study. The tight-binding electron
Hamiltonian of the chain in the atomic coordinate basis
is
〈ji| HˆTB |ji′〉 = δi,i′ h¯ω0j + δi,i′±1tj ,
where the indices run over atomic orbital types j (j =
s,p‖,p⊥) and atomic sites i, h¯ω0j is the the uncoupled
jth atomic orbital energy, and tj is the hopping energy
between nearest-neighbor orbitals of j type. The infinite
atomic chain in Fig. 3 is modelled through a finite number
of atoms N by imposog periodic boundary conditions
(i.e., |i+ L〉 = |i〉).
The electron eigenfunction |jm〉 (j = s,p‖,p⊥) in the
chain is a Bloch wave formed by a linear combination of
the jth orbital wave function on each atomic site with a
relative phase factor: |jm〉 = ∑i eikmxi |ji〉 /√L, where
km = 2pim/La is the electron wave vector, m is an integer
in the −L/2 < m < L/2 range (assuming L is odd), xi =
ia (i = 1, 2...L) is the coordinate of the ith atom, and a is
the lattice constant. This basis set diagonalizes the tight-
binding Hamiltonian HˆTB according to 〈jm| HˆTB |jm′〉 =
δm,m′ h¯ωjm, where h¯ωjm = h¯ω
0
j −2tj cos(2pim/L) are the
eigenenergies that produce the band structure shown in
Fig. 3(b).
The atomic chain is illuminated by an EM wave with
the electric field acting on the chain written as E(r, t) =
E cos(qx − ωt). We assume the projection of the light
wavelength along the chain to be La, so q = 2pi/La.
In the Coulomb Gauge, the transverse and longitudinal
electric field components are only related to the vec-
tor and scalar potentials, E⊥(r, t) = −∂tA(r, t) and
E‖(r, t) = −∂xφ(r, t). This allows us to write the po-
tentials φ(r, t) = eE‖ sin(qx − ωt)/q and A(r, t)⊥ =
−eE⊥ sin(qx−ωt)/ωeˆ⊥, where eˆ⊥ is the unit vector per-
pendicular to the chain. With these explicit forms of the
potentials and the Bloch eigenstate basis |jm〉, follow-
ing some straightforward algebra, we can find the ma-
trix elements of the light-matter interaction Hamiltonian
HˆI = eA · pˆ/me− eφ. The only nonzero matrix elements
are
〈jm| HˆI |j′m− 1〉 ≈
[eE‖
2iq
δjj′ +
eE‖ · djj′
2
(C1)
+
eE⊥ · djj′(ω0jm − ω0j′m′)
2ω
]
e−iωt
and their Hermitian conjugates, where djj′ = 〈j| r |j′〉
are the corresponding transition dipole moments. To
find Eq. (C1), we insert the above definition of Bloch
states and assume no overlap between orbitals in differ-
ent atomic sites. The first term in Eq. (C1) accounts
for intraband transitions (i.e., they are diagonal in band
index j) induced only by the longitudinal field E‖; self-
consistent interaction can then give rise to chaing plas-
mons via these terms. The remaining two terms represent
interband transitions under excitations by E⊥ and E‖,
respectively. Considering |djj′ | ∼ a, the ratio of intra-
band to interband transitions is ∼ λ/a, where λ = 2pi/q,
so that intraband processes should dominate the longi-
tudinal response of a medium. In the simulations of
Figs. 3 and 4, we assume a weak percolative EM field,
eE⊥,‖ · dsp = 0.001E0, and eE‖/2iq = 0.001LE0.
Using the total Hamiltonian Hˆ = HˆTB + HˆI, we can
then perform time-dependent simulations for the tempo-
ral evolution of the density matrix ρ according to the
equation of motion
˙ˆρ = −i[Hˆ, ρˆ]/h¯− γ(ρˆ− ρˆ0),
where γ is a small phenomenological damping rate (see
main text). For simplicity, we assume zero temperature,
so the initial density matrix in the absence of illumination
is ρˆ0jm,j′m′ = δjj′δmm′θ(h¯ωjm−EF), where Θ is the step
function.
The instantaneous space-averaged electric current
plotted in Fig. 3(d) is obtaind as
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〈J〉 = −e
∑
jm
vjmg ρˆjm,jm, (C2)
where vjmg = 2atj sin(mqa)/h¯ is the group velocity of
the electron Bloch state |jm〉. The off-diagonal elements
of the density matrix are related to the oscillating AC
current, which has no contribution to the space average.
The instantaneous spatial distribution of electric charges
is directly obtained from the density matrix in the coordi-
nate basis set, ρ(t) = −e∑s,pj ρˆji,ji, and its time average
is made after a sufficiently long time-dependent simula-
tion yielding 〈ρ(t)〉 in Fig. 4.
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